Disordered networks are found in many natural and artificial materials, from gels or cytoskeletal structures to metallic foams or bones. Here, the energy distribution in this type of networks is modeled, taking into account the orientation of the struts. A correlation between the orientation and the energy per unit volume is found and described as a function of the connectivity in the network and the relative bending stiffness of the struts. If one or both parameters have relatively large values, the struts aligned in the loading direction present the highest values of energy. On the contrary, if these have relatively small values, the highest values of energy can be reached in the struts oriented transversally. This result allows explaining in a simple way remodeling processes in biological materials, for example, the remodeling of trabecular bone and the reorganization in the cytoskeleton. Additionally, the correlation between the orientation, the affinity, and the bending-stretching ratio in the network is discussed.
I. INTRODUCTION
Spongy cellular and fibrillar materials are the basis of a wide variety of systems which require bearing loads and/or fulfilling spaces at low cost of mass while allowing the storage and flow of substances inside. These materials consist of a network of interconnected struts or slabs and can be found in nature as well as synthesized artificially for specific applications. The properties of these networks are determined by the characteristics of the struts or slabs and the type of connectivity between them. In the case of certain biological materials these properties will in turn yield to a directed remodeling of their architecture as a consequence of the mechanical stresses that they are subjected to. Among the wide variety of materials that can be mentioned (aluminum foams, collagenous tissues, wood, honeycombs, etc.) two biological ones are of particular interest, namely, the cytoskeleton of cells and the cancellous bone.
The cytoskeleton is a network in the cytoplasm that determines the mechanical behavior of cells. It plays an important role in mechanotransduction or motility of cells. The cytoskeleton is composed of macromolecules (actin filaments, intermediate filaments, and microtubules) forming a disordered network of semifiexible polymers [1] due to both the bending and longitudinal stiffness of the filaments. Many authors have investigated the properties of the cytoskeleton by means of micromechanical models [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] . These are expected to be useful for the understanding, for instance, of mechanotransduction, tissue development, or anomalous behavior of ill cells in comparison with healthy ones [12] [13] [14] . As part of the cytoskeleton, the actin filaments form a dynamic network [15] with assembling and disassembling rates that depend on the mechanical stimuli. It has been shown that by applying a cyclic stretching the filaments align perpendicularly to the direction of stretching forming bundles called stress fibers [16] . Further, the stability of these bundles over the time has been modeled. However, the mechanism that explains the evolution from the initial disordered network to the final bundle state has not been identified so far.
In the case of cancellous bone, also known as trabecular bone, the network is composed of calcified connective tissue in the form of struts or slabs named trabeculae. The vertebrae of the spine and the end parts of long bones are constituted of this kind of porous bone. It has been observed that the predominant trabeculae orientation corresponds with that of the maximum compressive and/or tensile stress directions in a compact material with the same shape and subjected to equivalent forces. This phenomenon is known as Wolf's law [17, 18] . This trabeculae orientation is the result of an adaptation to the loading conditions. According to the so-called remodeling mechanism [19, 20] , the bone mass increases at those places of high enough strain energy and, on the contrary, it decreases in the places of low one. This mechanism allows for adaptation to changes in mechanical loading. The relation between the remodeling mechanism and the trabeculae orientation has been simulated so far by complex iterative numerical models [20] that involve parameters such as elastic moduli, bone formation and resorption rates, etc. Nevertheless, these models based on iterative processes do not express the essence of the fundamental mechanical origin of Wolf's law in a simpler picture.
Back to the general disordered elastic networks, the models studied to elucidate the basic underlying properties can be classified in two groups. The first one considers struts as simple strings [21] , while in the second the bending stiffness of the struts is also taken into account [2, 8, 10, 11, [22] [23] [24] [25] [26] [27] . In both groups it can be distinguished between affine and nonaffine regimes depending on whether the deformation is ideally homogeneous or not, respectively [3, 4, 8] . The concept of affinity is very important since it gives an idea of how far the deformation will be homogeneously distributed. Consequently, once a network is proved to be affine, it is easier to describe it with a simple model. Apart from this, in the second group two regimes are identified: the stretchingcompression dominated one and the bending-dominated one [3, 4, 8, 24] . The regime ranges and the transitions between them have been studied in terms of parameters such as density, connectivity, relative bending stiffness, etc.; however, how the energy is distributed in the struts when a deformation is applied to the network has not been analyzed yet.
In this paper the correlation between the elastic energy in the struts and their orientation with respect to the loading direction is investigated. This study is carried out as a function of (a) the struts connectivity and (b) the relation between the stretching and bending stiffness. The interconnection between this study and the former properties in terms of affinity and stretching-bending deformation are determined in detail. It will be seen that all the three aspects, although being related to each other, have no functional dependence between them. In addition to the general findings, the approach using the energy distribution helps us to better understand the reorganization of biological materials. So, in the case of the cytoskeleton the filament orientation correlates with their deformation energy, and this, in turn, is known to be related to the stability of the filaments [28] [29] [30] , so that the bundle formation process can be envisaged. In the case of the trabecular bone, this energy approach gives a simpler mechanical viewpoint of Wolf's law.
II. MODEL DESCRIPTION
The structures analyzed in this work are two-dimensional random networks of struts built in a square. The connectivity C, defined as the number of struts that converge in one node, is kept constant. Under this assumption, C can only take the following values: 3, 4, and 6. In the case of a regular network, these values refer to struts forming hexagons (like in a honeycomb), squares, and triangles, respectively. The disordered networks were generated by a random displacement of the nodes of such regular lattices. The nodes were consecutively moved to achieve randomness with the only restriction that the struts were not allowed to intersect. This process of moving the nodes was repeated ten times over the whole network, yielding to the random network in its unstretched configuration. Figure 1 (a) shows one example with C=4.
In most of the previous works the two-dimensional networks were created by randomly introducing straight or curved segments of fixed length [3, 5, 10, 21, 24, 26, 31, 32] . In those networks the connectivity is 4 in the majority of the nodes since the nodes stem from the intersection of two segments and the connectivity is 2 or 3 in some nodes if the not-linked extremes of the segments are removed. On the contrary, the networks obtained in this work allow investigating separately the effect of the connectivity and the effect of the relative thickness of the struts, which is directly related to the density of the network for a given connectivity. Besides, in those networks the direction of adjacent struts is correlated from the beginning since these stem from fragmented segments, while in the present case the direction of all struts is completely independent. From this point of view, these networks may represent a closer two-dimensional approach to biological materials.
For each lattice type (connectivity C=3, 4, and 6) four different networks were built with a total number of struts N approximately equal to 90, 210, 440, and 580. For all lattices the mean length of the struts L m was computed. In the network, each node has three degrees of freedom: the displace- (1) has been deduced from the stiffness matrix of the beam taking into account that the bending energy is fully characterized by the mentioned rotation angles. Equation (1) can be written as
This linear model is of general validity, and the ratio Ar 2 between bending and longitudinal stiffness can be deduced by other considerations different from elasticity of homogeneous beams of isotropic material. The final equilibrium state of a network that has been stretched is calculated by an iterative process that minimizes the total energy W tot ='Z ¡ jW ¡ j by balancing the forces at the nodes. The energy of a single strut, W¡j, is computed from these parameters, as well as the energy per unit volume Wjj=Wjj/(ALjj). Further, the stretching-compression energy and the bending energy are evaluated for each strut and for the whole network.
In this work, we aimed at obtaining fundamental insights into the basic properties of disordered elastic networks; the loading condition studied is uniaxial, stretching along the y axis. Periodic boundary conditions are applied to the network. Two cases of stretching strain e are considered: 0.01 and 0.10 (i.e., 1% and 10%, respectively). Figures 1(b) and 1(c) show an example of a deformed network under both strain levels. The elastic energy of the struts per unit volume w¡j is indicated in a color scale.
The properties of the network depend on the architecture of the lattice-characterized by the connectivity C-the elastic properties of the material, and the geometrical properties of the cross section of the struts. As a result, the elastic behavior of the struts is determined by K¡ and r. Only dimensionless parameters are used in the analysis, and the results are displayed as a function of the connectivity C and the dimensionless parameter rlL m . This last parameter quantifies the relation between bending stiffness and stretching stiffness.
III. RESULTS AND DISCUSSION

A. Energy distribution
The elastic energy in the struts is analyzed first for a stretching strain e = 0.10 (10%). Both parameters display comparative values, which is a consequence of the approximately linear decay in the number of struts with the energy. In the first case, with rlL m = 0.170, an upward trend between the orientation and the elastic energy in the struts is observed for the three values of connectivity, indicating that the higher the average value of w¡j for a given strut is, the more aligned it is in the stretching direction. However, for the second case, with r/L m =0.006, the increasing trend is less pronounced for C=4 and C=6, and it becomes even decreasing for C=3, so that the struts perpendicular to the stretching direction have a higher energy. These graphs evidence the existence, at least under cer- In order to analyze the range of conditions for which this dependency exists, the linear regression between w i jlw m and the orientation was calculated. The slope S obtained is displayed in Fig. 3 as a function of rlL m for the three values of connectivity and for the two stretching levels considered. At higher stretching levels S becomes larger, indicating an increase in the energy difference between the struts aligned parallel and perpendicular to the stretching direction. This preferential stimulation of the struts is relevant for the directional remodeling processes in biomaterials, as it will be dis- S becomes even negative so that the average elastic energy w¡j reaches the highest values on transversal struts. Further, it is noteworthy that S decreases as rlL m diminishes and it even vanishes to zero in the case of e = 0.01, indicating that the elastic energy is distributed over all struts independently of their orientation. On the other hand, as the struts become stiffer in bending, i.e., larger values of r/L m , the slope S reaches the highest values for the three connectivities, and thus the struts oriented in the direction of stretching have a higher probability to present the highest values of elastic energy per unit volume. It is noteworthy that for the largest values of r/L m , i.e., high relative bending stiffness, S converges to a saturation value independently of the stretching level. In connection with this result, in Sec. Ill C it will be shown that the fraction of stretching energy has a similar value in this region for all the cases.
B. Biological materials
This result is useful to interpret the particular phenomenon of remodeling observed in the trabecular bone (Wolf's law). Even though the thickness of the trabeculae varies in a certain range, the average ratio rlL m can be estimated in the order of 0.1 from images obtained by microcomputed tomography [34, 35] . A bone undergoes loading and unloading due to the daily activity and, considering the simplest case of uniaxial loading, the maximum elastic energy in each strut correlates with its orientation as shown previously. According to Fig. 3 , the trabeculae oriented close to the loading direction store, on average, a larger elastic energy per unit volume than those oriented transversally. This difference in mechanical strain, depending on the orientation of the trabeculae, leads to a differentiated response of the involved osteocytes (the mechanosensing cells in bone [20] ). Bones undergo a continuous growth-resorption process, which is modulated by osteocytes. The ones that are subjected to a large fluctuation of strain are significantly stimulated and consequently promote the reinforcement of the struts nearly aligned with the loading direction, while, on the contrary, the low stimulus of the osteocytes in the transversal trabeculae favors their thinning. The presented model provides a simpler approach to understand the remodeling of bone based exclusively on the trabeculae orientation.
The results in Fig. 3 are also applicable to the biological model of the cytoskeleton. Its microstructure is subjected to remodeling driven by mechanical loading and by internal biochemical active processes [8] . Two systems that have attracted special attention are the spectrin cortical cytoskeleton of red blood cells [36, 37] and the actin network in endothelial cells [28, 29, 38] . It has been observed that the actin filaments align perpendicularly to a stretching deformation applied cyclically when it is large enough. Consequently, the actin filaments are organized in bundles called stress fibers [28, 29, 38] . In order to analyze the evolution observed from the initially disordered actin network to the final fibers with the presented network model, the ratio rlL m needs to be determined. The ratio rlL m is estimated to be -0.01 for F-actin networks from the following experimental values: £/=7 X10" 26 N/m 2 [39] , EA/L=35X 10" 3 N/irT 1 [40] , and L m =2.5X 10" 7 m [41] . According to Fig. 3 , a plausible interpretation of the bundle formation can be as follows: assuming that the actin filaments cannot support deformations over a certain threshold of energy [28] [29] [30] and that they have a connectivity large enough to guarantee S>0 (i.e., larger than 3 if the system can be described by a two-dimensional network), the actin filaments transverse to the stretching will remain after the disassembly process since these are the ones that store the lowest elastic energy per unit volume. Besides, a stretching level sufficiently high is needed to achieve remodeling of actin bundles [28, 29, 38] . This suggests that the remodeling is promoted first at conditions with sufficiently high S values, i.e., where the struts oriented in the stretching direction are more effectively stimulated. The model can also be applied to the case of the cortical cytoskeleton of red blood cells. This material has been modeled as a twodimensional network of connectivity C=6, defining a threshold of deformation energy above which the struts break [36] . As the struts with the higher deformation energy are aligned in the stretching direction, these are the ones that break preferentially. Thus, the remodeling process induced by stretching would lead to a network in which perpendicular struts are predominant.
C. Bending-stretching transition and affinity
In the analysis above the elastic energy is considered without distinguishing the two components involved in the total energy of the network: (a) the stretching-compression energy, W str _ com , and (b) the bending energy, W bend . The relative contribution of these two energies is displayed in Fig.  4(a) as a function of rlL m . When W st dominates, the ratio W str _ com /W tot is >0.5; on the contrary, it is <0.5 when Wbend i s larger. It is seen that for the connectivities C=4 and 6, the energy is stored mainly in the form of stretchingcompression. In contrast, the bending component is the dominant one for the connectivity C=3, except for the cases when the relative bending stiffness is very high (r/L m >0.1). The case C=4 represents an intermediate state between C=3 and C=6, and only in this particular case the fraction of stretching-compression energy depends significantly on the degree of deformation. Additionally, it is observed that for low values of rlL m the energy is stored basically in only one of the types. As rlL m increases, the counterpart component raises continuously, so that for the largest values of rlL m all the three connectivities tend to similar ratios, namely, between 65% and 85%.
Besides the orientation dependence of the struts and the relative components of the total energy, the affine or nonaffine deformation nature of the networks is analyzed. The assumption that the deformation field is affine has allowed building simple quantitative theories for elastomers, while its applicability in the case of semifiexible polymers is under debate [3- 5, 8] . The affine or nonaffine deformation is analyzed by the standard correlation coefficient [8] , which relates the computed and the corresponding affine relative displacement Ar k ¡ for all the pairs of nodes k,l. Figure 4 (b) displays the affinity coefficient (equal to 1 for complete affinity) as a function of rlL m . For very high values the affinity is very close to 1, independently of connectivity and stretching. In the case of connectivity C=6, the affinity is very high in any case. On the contrary, the affinity drops rapidly with decreasing values of rlL m in the cases of lower connectivity and the smaller deformations from the initial status. Therefore, in agreement with previous findings [5] , the networks display more affine behavior for higher deformations. This result indicates that small deformations lead to a relative homogeneous rearrangement of the network, while large deformations yield necessarily to a predominant directional stretch of the network. Further, it should be noted that Fig. 4 points out that the affinity is not necessarily linked to the stretching or compression regime reported by other authors [5, 8] .
In previous works, both the stretching or bending contribution and the affinity of the deformation were studied as a function of the mean connectivity [8] or alternatively as a function of dimensionless parameters, which depend simultaneously on the relative bending stiffness and the mean connectivity [3] [4] [5] . In these studies a nonaffine to affine transition was found between the bending-dominated low connectivity regime and the stretching-dominated high connectivity one, in agreement with the results in Fig. 4 .
The three aspects considered to study the deformation of disordered networks are summarized in Table I : the orientation dependence, the fraction of stretching energy, and the affinity. In the case of connectivity C=6, all three parameters have high values independently of the relative bending or stretching stiffness. In contrast, for connectivity C=3 high values are reached only for large r/L m , and these decrease gradually for smaller values of rlL m . The situation for connectivity C=4 is intermediate; the stretching energy fraction is close to the case of C=6; instead, the affinity is similar to the case C=3, and finally the orientation dependence lies between the other two cases. Therefore, although there is no functional relation between the three aspects, it is observed 
IV. SUMMARY AND CONCLUSIONS
The deformation of two-dimensional randomly disordered networks during the application of a uniaxial stretching is studied taking into consideration a fixed connectivity. In a two-dimensional network there are only three possible connectivities: C=3, 4, and 6. The energy of the struts is evaluated in these kinds of networks as a function of the struts' orientation for a fixed relative bending stiffness rlL m . Two stretching levels are studied. The trends in (a) orientational energy distribution in the struts, (b) fraction of stretchingbending energy, and (c) affinity of deformation are investigated as a function of the relative bending stiffness and the connectivity. For low and medium rlL m values-first regime-the directional dependence of the energy remains approximately constant for each connectivity and stretching level. Struts aligned in the stretching direction present a larger energy for C=4 and 6. In contrast, C=3 shows a lower orientational dependence of the struts' energy. It is remarkable that in this case of C=3 the orientational dependence is even negative, so that the perpendicular struts store the higher values of energy. For large rlL m values-second regime-an increasing relative bending stiffness leads, for all three cases of connectivity, to a preferential accumulation of energy in the struts oriented in the stretching direction. The deformation mode of the struts can also be classified into the mentioned two regimes. In the first regime and for C=3 the energy is dominantly stored as bending energy, opposite to C=6 where it is basically of stretching or compression nature. C=4 represents an intermediate state between C=3 and 6. In the second regime the strain is a mixture of stretching or compression and bending; here, all three connectivities tend to converge toward a 0.7 ratio. Finally, it has been shown that the affinity is very high for C=6, while for C=4 and 3 the degree of affinity increases with the stretching level. With the increase of relative bending stiffness the affinity raises almost to unity for all three connectivities, indicating an almost homogeneous strain among the whole network.
Although for the sake of clarity the studied model is twodimensional and only uniaxial stretching is analyzed, the trends found can be reasonably extrapolated to the understanding of three-dimensional networks. This is of particular interest for biological materials, such as, for example, the trabecular bone and the cytoskeleton. Both are constituted by a disordered network, which undergoes a remodeling process in order to adapt the microstructure to the external mechanical loading conditions. In the case of the trabecular bone, the estimated relative bending stiffness is so high that, according to the presented model, in average the struts oriented in the direction of the loading store the largest energy. Consequently, the related bone cells (osteocytes) have a larger mechanical stimulus and subsequently these struts are reinforced. The resulting network follows then the Wolf's law. On the other hand, the cytoskeleton represents the same model with opposite result. In this case, when the network of actin filaments is subjected to large stretching and assuming that the filaments with larger energies are disassembled, one obtains at the end the experimentally observed bundles of filaments transverse to the stretching direction. Consequently, the two-dimensional model described above is able to provide a simple explanation of the remodeling of biological materials based uniquely on mechanical aspects.
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